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ABSTRACT

In this paper, we have obtained existence, unigserand error bounds for deficient discrete quapiine

interpolation.
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1. INTRODUCTION
Let us consider a mesh on [0, 1] which is defipe b
0=X%X, <X <.....<X, =1 with X, =X_, =P, fori=1,2,...n.

and h > 0, will be a real number, consider a reatiouous function s(x,h) defined over [0, 1] whishsuch that

its restriction S ON |_Xi_l, XiJ is a polynomial of degree 4 or less for i = 1,.2y. Then s(x, h) defines a discrete

quartic spline if

D’s (x,h)=D{" 5.1 (x,h) j = 01 (L)
Where the difference operat®, are defined as

DI £ (x)=f(x)

f(x+h)-f(x))
h

DY (X)=

x+h)=2f(x)+ f (x—h))
2h

D (=1 ¢

Let D (4,LA,h) is the class of deficient discrete quartic splingerpolation of deficiency one, where in

D *(4,LA,h) denotes the class of all discrete deficient qaailines which satisfies the boundary condition

S(Xy,h)=f (%, h)

s(x,,h)=f(x,,h) (1.2)

Impact Factor(JCC): 1.4507 - This article can be denloaded from www.impactjournals.us




[ 36 Y. P. Dubey & K. K. Nigam |

Mangasarian and Schumaker [6, 7] introduced disajaartic splines to find minimization problem.iggnce,
uniqueness and convergence properties of disctdtie spline interpolation matching the given fuootiat mesh point
have been studied by Lyche [4, 5] which have besreralized by Dikshit and Power [1] (see also Dikahd Rana [2]).
It has been by Baneva, Kendall and Stefanov [3]tti@local behaviour of the derivative of a cubpdine interpolator is
some times used to smooth a histogram which has bstmated in [8], Rana [8] has obtained a preeisémate
concerning the discrete cubic spline interpolatimg given function at the mesh points (See alsp[19]]). In the present
paper we obtain a similar precise estimate conogrttie deficient quartic spline interpolant matghihe given function at
two intermediate points between successive mestigand first difference of interior points of intal [0, 1].

2. EXISTENCE AND UNIQUENESS

We introduced the following interpolating conditefor a given functiof

s(a;)=f(a;) ®.1
s(B8)=1(8) ®.2
D{?s(y)=D{ f (v7) (2.3)

1 .
Where a'i:)(i_l+§Pi=yi, fori=1,2,...n.

1
Bi=% +§ R
we shall prove the following.

Theorem 2.1

Let f be a 1-periodic, then for any h>0 then thesist a unique 1-periodic deficient discrete gaapline s in the
classD *(4,1,A,h) which satisfies interpolatory condition (2.1) =32

Proof

Let P(z) be a quartic polynomial on [0, 1], thea gan show that

P)=F{ 3 Jad+P{3 0.+ 00 P 3 0@+ PO +POYGL(2) @4

(1+3h2jz+(2—9h2j22 + 23(—29+24h2j +(3-18n%)2]
6 2 2 6

3
81 3

Where ¢,(2)=
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322+(_224+16h2jz2 + 23(160—64th + 24(—?’2+16h2j
3 27 9

81 81 3

B3
81 3

d,(2)=

(_1+1h2jz+[8_7h2j22+[_7+8h2jz3+[1_2h2jz4
162 6 162 6 54 3 9
2_h
81 3
X—X%

Denotingt =—— ,0<t<1, we can expressed (2.4) in the form of restriclﬁpﬁx, h) of the deficient discrete

0s(2) =

quartic spline s(x, h) o{nxi_l, Xi+1] as follows :-
s(x,h) = (@) (0 + f(8) 6,0+ R DY () as(x)

+5 (%) G, (X) +5.2(¥) 5(X) (2.5)

Observing (2.5) it may easily be verify thgt(X,h)is a quartic on[)(i,)(i+1] for i=0, 1,...., n-1 satisfying
(2.1) - (2.3) and writingH (a,b) =a+ bh?, for real a, b we shall apply continuity of thesfidifference ofs(x, h) at

X in (2.5) to see that

92 2326 - 32
P’ H|==,2|P%+H| == ,—= |n’|s_
1[ (81 j"l (189 3) ]Sl
+[p? H(_—4,1—3JRZ+H(_—17,Ejh2
276 543
+P% H(_—Z,EJRZ—H(gs,Eth S
9'3 27" 3
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11 -7 8
+P3JH|-—— = |P?+H|— = 2.6
|—1{ ( 162 6j i (5 3j }Sﬂ ( )

=F i=1,2,... n-1.

Where F, =P? HH [Tg? 59j P% +h’H (%69— 48h2ﬂ

o) o222z

f(ai)+Pi3{ H[128 736)P31 H(—224’@jh2}

81 9 27 3
160 -64 h2
27 3

+P3R1H(§ 193JD{” f () + D | (y)png(l “j]

(.- 1(8)] (1 $Z0pr 41

9'9

Existence, uniqueness of s(x, h) depend on thetemde of a unique solution of set of equation)(2t8s easy to

observe that in (2.6) absolute value of the coiefficofs dominates over the sum of the absolute valuesetoefficient

of §,, and §_; i.e. is positive.

T(Ph)= (80 1)P-1+H(£“,Ejh2 +H(§,ZJRZ+H(4—5,§jh2
81 6 126 3 162 6 54 3

Thus the coefficient matrix of equation (2.6) iagbnally dominant and hence invertible.

Remark: In the caseh — O theorem 2.1 gives the corresponding result fortinaous quartic spline

interpolation under condition (2.1) - (2.3).

3. ERROR BOUNDS
Now system of equation (2.8) may be written as
A(h) M (h)=F

Where A(h) is coefficient matrix and/ (h)=s (h) . However, as already shown in the proof of theogin

A(h) is invertible. Denoting the inverse @&ih) by A'(h) we note that row max norrA™(h) satisfies the following

inequality :-

IA™ ()lI< y(h) (3.1)
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Where y(h) :max{Ti (h)}_l. For convenience we assure in this section thatth when N is positive integer.
It is also assume that the mesh poixs} are such thax [J[01],, fori=0, 1.....n. Where discrete inter\{aﬂ,l]h is the
set of points{O,h ...... Nh} for a functionf and two distinct pointsx;, X, in it domain the first difference is defined by

[f (Xz:;(xz)] (3.2)

[%.%,], =

For convenience, we writd ® for D! f and w(f, p) for modules of continuity of, the discrete norms of a

functionf over the interval [0, }]is defined by

1£11= max| £ ()] @3

We shall obtain in the following the bound of errfunction e(X)=s(x,h)— f(X) over the discrete
interval [01],, .
Theorem 3.1

Supposes(X, h) is the discrete quartic spline interpolant of Tieeo 2.1. Then

le)ll=k(P,h)w(f, p) (34)
lle(x i< y(h) K> (P,h)w(f, p) (3.5)
lle® Gll<K, (P.hyw(f, p) (3.6)

Where K (p, h), K*(P,h) andK, (P, h) are some positive functions of p and h.

Proof
writing f (X )= f, equation 3.1 may be written as
A).(e(x))=F.(N-AM)(f)=L(f)  (say) 3.7)
When we replaces (h) by € (x)=s(x ,h) - f. (3.8)
We need the following Lemma due to Lyche [4, 6]estimate inequality (3.5).

Lemma 3.1

Let {ai}inll and {bj }';:1 be given sequence of non negative real numberstbat
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Then for any real valued functiéndefined on discrete interval [0,,1}ve have

231[”% Xg yeevens x,k] Zb [ylo Y, o

w(f® [1-Kh |)%

v, It

(3.9)

Where X+ Yi D[O,l]h for relevant value of i, j and k. We can write #guation (3.9) is of the form of error

function as follows

92 2326 -32
P}l{H|—=,2|P%+H h?te._
H (8 j (189 3j }e”

4 P2 H[_—4'1—3JF’.3+ [17 16)
7’6 54’ 3

WhereR (f)=F - P{H(gi,ZJRfﬁH(

-p? H( 413)P._1+H(_—17,1—6jh2
2776 543

=R(f)

2326 32

- 1.
189 3

(3.10)

Writing equation (3.9) is the form of divided d@ifent and using Lemma 3.1 given by Lyche [5]

. A
ROO=Ee Rl (2.5 e ge e )

8o da. ol (52
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61 8 -8 -22 -32
P? +h*H +|X_, % |, {H| —,-2|P%, +h’H| —,—— || P°P_
—1+ (108 3j} [Xl—l Xl]f{ (81 j i-1 ( 27 3 j} i il

%P3P31[V h,y; +h]+ p? P_lH[S 13}[1/_1 h, ;.. +h,

e [ 22 o 20 &
.00, {n{ . o w220

bl { (Zs’%l)pf g 50|

5 5
:>|Li(f)|:zl“ai [Xio’xil]f _Z;bj [yjo’yn]f (3.11)
1= =
" 5 5
<ult®. P $a=3n
i ji=1
_p? ._{ [20 25jp,fl+h2 (43 8)}
81’ 12
+PiPif1{H(_—5,_—lei2+H( 3 16jh} (3.12)
81’ 9 81' 9
Where
10 -1 61 8
=P°P P — =
SR (81 12)' (108 13)}
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| (243 81'18

(1 -1 7 -16
=P’P|H| —,— |P*+H| —,—— |n?
%=hah [2439)1 [81 9}}

81 3
1
b;=-3 p P,

-5 -1 26 16
b,=p3.p | H| =2, 2= |p2+H| 22 =2h? |
4 pl—lpl{ (81 9) 1 (81 9 j j|

11
b, =-""h" p,p

andX, ==Y, % =X =X, =Y,
Xo, = X1 X, = Yia ~h,
Xy =¥, +h
Vi, =010 Yo, Q1 =Yg =Xy = Xs,
Y3, =V —h=Ys .y, =) +h=g
Xg, =B % =Xy
Now using the equation (3.10) and (3.9) in (3.8).

lle(x)ll< y(W K * (P,hyh(f @, p)

This is the inequality (3.5) of Theorem 3.1.

(3.13)

To obtain inequality (3.4) of Theorem 3.1. Writiaguation (2.5) in the form of error function adws:

&(X) =€, Q,(1) +€Qs () + M, ()
whereM, (f)=f(a,) Q1)+ f(5) Q, ()
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+ Py PO QM)+ f, Q) + FQs(t) — F(X) (3.14)
Again, we writeM () in form of Divided difference and using Lemma 3ak get

2

M, (£)lsw(f @, p)> =Y,

i=1 j=1

R (i+ih2jt+(_—l+§h2jt2 +(2—9—4h2jt3+(__1+3h2jt4
36 4 3 4 36 2

a,=P (E—Ehzjt+(_—lg—lh2jt2+(1—3+§h2jt3+(§_2h2jt4
9 3 18 6 27 3 9

q,=P —}t+gt2 +E‘t3 +Et4}
3 9 3

bl:R (i+ih2 +t2(__5+5_9h2j_(__7+ﬂh2jt3+(i_h2jt4
324 12 108 36 108 3 18

a

be{t(i—lhzj
27 3" )|

andx,_=a;, % =4,

Xzo :Xi—l’le :ﬁi
X, =Vi=h, y3 =y +h
Yi, =8, Yy, =

y20 :Xi‘j’ y21 X
3 2
This 38 =3 =P Ki_ihzjt{z_lhzjtz+(L_fhzjts
=R 36 12 81 12 108 3

Gy
18
using (3.5) and(3.13) in (3.14), we get inegyd8.4) of theorem 3.1.

We now proceed to obtain bound & (X)

P (x)=f(a,) Q" )+ f (8)Q (t)

Impact Factor(JCC): 1.4507 - This article can be denloaded from www.impactjournals.us




Y. P. Dubey & K. K. Nigam |

+PDP f(1)QP () +5 (0 QY (1) +5.,Q5 (1) (3.15)
APReY (x) =g, QF () + Q' (t) +U, () (3.16)
whereU, (f)=f(a;) Q" (1) + T (8) Q" (t) + RD () QY (1)

+HiL, QPO+, QYO -ARTY (¥)

By using Lemma 3.1, we get

f)sw(fo,p )i@ ibl_ { (3214 127}

T H (Z"_:”hzjt +H (‘_29 ’4j(3t2 +h?)+ H(E ,—3j4t(t2 + hz)} (3.17)
3 2 36 2

Wherea, =P H(E,_Zj H(S—S 1jt+(3t2+h2)
9 813

_—1,ij+tH (i,z +(3t2 + hz)
1 6

a,=p, [—+ t_il'l(3t2 +h2)+§t(t +h2):|

ILEHR R
(@" +h)+ aH @ ,—3jt (12 +h2)]

2 -1
b2: P H(a,?j and

X, =X, %, =B =%,

Xo, = Xiu1r X3 =V —h,x31=yi +h
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Yy, =00 Y, =5
Yo, =X—h,y, =X+h

By using (3.5), (3.13) and (3.17) in (3.16), we igequality (3.6) of Theorem 3.1.
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